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Abstract. We study evolution of perturbations in dark matter and dark energy for spherical
collapse. We study Tachyon models of dark energy using the approach outlined in Rajvanshi
and Bagla (2018). We work with models that are allowed by current observations. We find
that as with Quintessence models allowed by observations, dark energy perturbations do not
affect evolution of perturbations in dark matter in a significant manner. Perturbations in
dark energy remain small for such models. In order to compare different classes of dark
energy models, we use reconstruction of potentials and study dark matter and dark energy
perturbations for same expansion history in the two models. We find that dark matter
perturbations carry no imprint of the class of dark energy models for the same expansion
history: this is significant in that we can work with any convenient model to study clustering
of dark matter. We find that the evolution of dark energy perturbations carries an imprint
of the class of models in that these grow differently in Tachyon models and Quintessence
models. However, the difference between these diminishes for (1+w) 1 and hence prospects
for differentiating between models using characteristics of perturbations are limited in our
Universe.
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1 Introduction
Observations have shown that the Universe is undergoing accelerated expansion [1, 2]. This
inference was the result of improvements in determination of cosmological parameters through
improved measurement of distances. In particular use of Supernovae type Ia as standardized
candles [3–6] allowed distance determination to be made up to higher redshifts. The observed
accelerated expansion spurred developments in theoretical cosmology as the obvious expla-
nation, the cosmological constant [7, 8] is riddled with fine tuning and naturalness problems
[9–12]. A number of approaches have been tried: one approach is where Einstein’s theory
is modified in some manner [13–19]. These changes affect the left hand side of Einstein’s
equation. This approach has to contend with the remarkable success of the general theory
of relativity when confronted by observational tests [20–22]. The other leading approach is
the introduction of a constituent that mimics the cosmological constant in an approximate
manner. This additional component, the so called dark energy, is required to have some
unusual properties [23–26]. There is a large number of possibilities that have been proposed
and explored in this category. This approach modifies the contents of the Universe and hence
it affects the right hand side of Einstein’s equations. Each category corresponds to a spe-
cific action for a component, in most such models the dark energy couples minimally with
other constituents of the Universe. Some examples of such models are scalar fields, K-essence,
tachyon models, Chapgylin gas, etc. [27–31], (see [23] for review). In each of these models the
dynamics of the Universe mimics the cosmological constant in order to reproduce accelerated
expansion, though observations allow for small deviations. Thus, there are qualitative and
quantitative differences in the dynamics, though each model can be tuned to produce the
expansion history required by observations within some reasonable constraints.
A fundamental difference between the cosmological constant and other models is that
the cosmological constant does not vary with time or location, whereas other dark energy
models allow for such variations. In all other models the dark energy component is allowed
to vary and respond to variations in the gravitational field. A number of studies have been
carried out to study dynamics and perturbations in various dark energy models [28, 32–39].
The key result of these studies, that mostly focus on linear perturbation theory, is that the
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perturbations in dark energy remain very small. However, perturbation theory is valid only
at early times or at very large scales at late times. Thus it cannot be used to study dark
energy perturbations and their interplay with highly non-linear dark matter perturbations at
small scales.
In an earlier work we have studied fully non-linear evolution of spherically symmetric
perturbations in quintessence models of dark energy [40, 41]. We found that the amplitude of
dark energy perturbations remains small in all cases. We also found that the effective equation
of state parameter of dark energy becomes a function of coordinates and this variation is
correlated with the density contrast of dark matter.
Here we use the same methodology and study tachyon models for dark energy. We study
potentials that have been proposed and studied for this class of models. Further, in order to
explore the dependence of the growth of perturbations on the class of models, we compare the
evolution of perturbations in quintessence models and tachyon models for the same expansion
history.
We describe the formalism and equations in §2. Details of the expansion history in
models to be studied is discussed in §3 for two potentials studied here for tachyon models.
Evolution of perturbations for dark matter and dark energy in these cases is described in §4.
We then proceed to compare quintessence and tachyon models by working with potentials
that give us the same expansion history. These are discussed in §5. Results are summarised
in §5.1 and §5.2, dealing with dark matter properties and dark energy properties respectively.
2 Equations and Formalism
We follow the scheme set out in Rajvanshi and Bagla [40, 41] and refer the reader to the
paper for more details.
We assume spherical symmetry and treat dark matter as a pressure less fluid. Tachyon
models are described by the following Lagrangian density:
L = −V (ψ)
√
(1− ∂µψ∂µψ) (2.1)
Space-time is described by the following metric:
ds2 = −e(2B)dr2 −R2(dθ2 + sin2θdφ2) + dt2 (2.2)
where B(r, t) and R(r, t) are unknown functions of comoving radial coordinate r and time t.
These allow us to obtain dynamical equations for all the variables in the system. The
full set of equations along with Einstein’s equations is:
B¨ = −c2e−2BR
′2
R2
+
c2
R2
+
R˙2
R2
− B˙2 − 4piGρ+ 4piGV
c2
[
e−2Bψ′2 − ψ˙2√
1− u2
]
(2.3)
R¨
R
=
4piGV
c
√
1− u2
[
1− u2 − e−2Bψ′2]− 1
2
R˙2
R2
+
c2
2
[
e−2B
R′2
R2
− 1
R2
]
(2.4)
ψ¨RV (e2B + ψ′2) = 2e−2BV R′ψ′3 − 2V R˙ψ˙ψ′2 + 2V R′ψ′(1− ψ˙2)−RV,ψψ′2
−RV B′ψ′(1− ψ˙2) +RV ψ′′(1− ψ˙2)− 2RV ψ˙B˙ψ′2 + 2RV ψ˙ψ′ψ˙′
−RV,ψe2B(1− ψ˙2)− V ψ˙(1− ψ˙2)(RB˙ + 2R˙)e2B (2.5)
˙ρm = −
(
B˙ +
2R˙
R
)
ρm (2.6)
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where u2 = ∂µψ∂µψ.
Here a dash or a prime represents a partial derivative with respect to r and a dot represents
a partial derivative with respect to t.
We study evolution of perturbations for two potentials with tachyon models, details of
the potentials are given in the following discussion.
In order to compare evolution of perturbations in tachyon models with quintessence
models, we work with potentials that lead to the same expansion history. Methods for com-
puting the potential given an expansion history have been developed for a variety of models
[42, 43]. This process is often called reconstruction of potentials. We have done these cal-
culations for w = constant and CPL parameterization for quintessence and tachyon models,
details of the approach are given in [44].
3 Results: Background Evolution
We use two potentials for tachyon models that have been studied extensively. We study the
background evolution for potentials V ∝ ψ−2 and e−ψ. Figure 1 shows the evolution of density
parameters for the tachyon field and dark matter, and the equation of state parameter (w).
Although each of these potentials has a unique asymptotic behaviour[28], here we have tuned
the parameters such that they satisfy observational constraints [38]. Both the models shown
here have a thawing behaviour. These plots illustrate the generic behaviour in tachyon models
that is consistent with observations. More details for background evolution and comparison
with observations can be found in the detailed study by Singh et. al [38].
4 Evolution of perturbations
We study perturbations in dark matter and dark energy for two potentials: the exponential
potential and the inverse square potential. The initial conditions are set such that the dark
matter does not have any peculiar velocities at the initial time. Dark matter has an initial
density perturbation. Dark energy is set to have no perturbations at the initial time. We find
that such an initial condition quickly leads to the expected adiabatic mode at early times.
We start at zini = 103 and evolve the system towards lower redshifts. We first study the
evolution of an over-density. Figure 2 is a plot of dark matter density contrast at the time
when the inner regions begin to virialize at z ' 1.5. This is shown for the two potentials we
are studying and it can be seen that the dark matter density contrast in these two cases is
indistinguishable. This similarity results from an almost identical expansion history.
Corresponding plots for density contrast in dark energy are shown in Figure 3. We see
that the perturbation in dark energy is very small for the two cases, but there are apparent
differences in the two curves.
The dark matter perturbation reaches maximum radius, called the turn around radius,
before collapsing back and eventually reaching dynamical or virial equilibrium. The ratio of
virial to turn around radius is plotted in Figure 4. It is apparent from this plot that there
is no discernable difference in the values for the two potentials mainly because of a similar
expansion history.
We now turn our attention to evolution of an under-dense region. While an under-dense
region is limited to δdm ≥ −1, whereas the density contrast for an over-dense region can be
very large. On the other hand, a realistic over-dense region with a large density contrast
cannot be arbitrarily large in size, whereas underdense regions can easily be tens of Mpc
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Figure 1. Energy densities(Upper Panel) contribution of dark matter and dark energy as a function
of redshift(z). Bottom panel show the evolution of equation of state(w) of tachyon field. Both
backgrounds are very similar in terms of observations with slight difference in effective equation of
state parameter(w).
across. In terms of analysis, we also avoid loosing information inside the virialized region as
the equations cannot be solved self consistently in this region [40, 41].
The dark energy perturbations are shown in Figure 5. The density contrast is significant
over the scale of the under-dense region. We also observe a rapid growth of dark energy
perturbations at late times, even though the amplitude of perturbations remains small at all
times. We see some variation between the two potentials but it remains at a few percent level
and this can be attributed to the difference in expansion history.
We note that the qualitative behaviour of perturbations in dark matter and dark energy
closely follows that seen for quintessence models studied earlier [40, 41]. In the following dis-
cussion we focus on a comparison of quintessence and tachyon models for the same expansion
history.
5 Results: Evolution of Perturbations in Quintessence vs Tachyon Models
In order to compare perturbations in tachyon vs quintessence models of dark energy, we
reconstruct potentials in both models that correspond to the same expansion history. We
codify the expansion history by the variation of the equation of state parameter for dark energy
with the scale factor w(a). Details of the procedure adopted for computing the potential are
given in [44]. We work with two different forms for w for this comparison: w = constant
and CPL [42, 43]. We choose three values of constant w for comparison and numerically
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Figure 2. Dark matter density contrast as
a function of comoving radius at z ∼ 1.5,
which is also the redshift at which virialization
start. The overdensity has been evolved from
z ∼ 1000. This is for initially overdense(OD)
density contrast. The two curves correspond
to two different dark energy potentials. Label
’insq’ refers to V ∝ φ−2 and ’exp’ refers to
V ∝ exp.
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Figure 3. Dark energy density contrast as a
function of comoving radius at z ∼ 1.5. This
is for initially overdense(OD) density contrast.
At the start of simulation(z ∼ 1000) there was
no perturbation in dark energy field, but met-
ric perturbation induce perturbation in dark
energy sector which grow stronger with time.
Label ’insq’ refers to V ∝ φ−2 and ’exp’ refers
to V ∝ exp.
reconstruct the corresponding potentials for quintessence and tachyonic fields.
w = −0.5, w = −0.9 and w = −0.975 (5.1)
and for CPL parametrization[42, 43] with form w(a):
w = w0 + wa(1− a
a0
) (5.2)
we have w0 = −0.9 and wa = ±0.09. That is, the present day equation of state parameter
is −0.9 in both the cases but in one case it decreases as we go to earlier epochs, and in the
other it increases as we go to earlier epochs. In figures we represent cases with wa = +0.09
with notation "cpl+" and wa = −0.09 model with "cpl-". We investigate turn around and
virialization characteristics for overdense regions for these cases.
5.1 Dark Matter Perturbations
We have run our simulations setting initial conditions in the early universe (at z ∼ 1000) for
underdense and overdense dark matter perturbations. We start with an unperturbed dark
energy (see [40, 41] for details of initial conditions). The density contrast at present time is
shown in figure 6 for constant w for underdense initial condition. We see that the density
contrast for different expansion histories differs from each other but there is no difference
in the profile for quintessence and tachyon models. This clearly implies that the choice of
dark energy model (tachyon or quintessence) has no discernable impact on dark matter density
profiles in an underdense region as long as the expansion history is the same. Next we proceed
to study the same in the two cases for the CPL parameterization. We refer to models by the
sign of the term wa and w0 is same in the two cases (w0 = −0.9). The two cases differ as we
have wa = ±0.09. We show the dark matter density profile for the same initial condition as
– 5 –
0.0035 0.0040 0.0045 0.0050 0.0055 0.0060 0.0065
< δdm> i
0.484
0.486
0.488
0.490
0.492
0.494
0.496
0.498
R v R t
a
exp tach
insq tach
Figure 4. Ratio of virial radius to turn around(maximum) radius as a function of initial matter
overdensity averaged over interior r till that particular r. The ratio tends toward Einstein-DiSitter
value of 0.5 as the initial overdensity tends to infinity i.e. dark energy effects on perturbation become
less significant as dark matter perturbation become stronger.
above in Figure 7. Again, we find that there are distinctions between the two cases with a
different expansion history but there is no discernable difference in the dark matter density
profile for the two different models of dark energy. This is remarkable.
We now turn our attention to growth of overdensities in dark matter. In these cases the
perturbations collapse to form virialized halos if the initial density is higher than a critical
value as in the case for ΛCDM [45]. Results for the two CPL parameterizations are shown
here. We show the characteristics of perturbations at turn around in Figure 8. Variation of
the turn around radius as compared to the expected value in the Einstein-deSitter model as
a function of the initial overdensity is shown in the left panel. The right panel shows the
density contrast at turn around as a function of the initial dark matter overdensity. Note
that the overdensities are always volume averaged, so as to facilitate comparison with the
Einstein-deSitter and the ΛCDM models. The qualitative behaviour seen in the two panels is
very similar to what is known for the ΛCDM model in that the turn around radius becomes
very large as we approach the critical initial overdensity from above. The density contrast also
increases in this limit as the time taken to reach turn around increases and the background
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Figure 5. Dark energy density contrast as a function of comoving radius at two different redshifts.
Here the initial matter perturbation was underdense. There was no perturbation in DE at initial
time, but metric perturbations induce perturbation in DE field. This perturbation grows stronger
with time as can be seen from curves at 2 different redshifts.
also increases and the average density of the universe decreases to give us an enhanced density
contrast. The two CPL models representing two different expansion histories lead to different
curves. However, there is no obvious difference between the tachyon and quintessence models
for a given expansion history.
We present the characteristics of virialization in Figure 9. We have plotted the ratio of
the virial radius to the turn around radius in the left panel as a function of the initial density
contrast. The expected value for this ratio is 0.5 in the Einstein-deSitter model. In case dark
energy clusters significantly and also participates in the virialization process, the expected
value is above 0.5, and if dark energy clustering is not relevant to the virialization process
then the expected value is below 0.5 [46]. In the right panel we have plotted the density
contrast at the time of virialization. Here, virialization is defined by the epoch at which
< T > +
1
2
〈RFR〉 = 0 (5.3)
here T is the kinetic energy, R is the radius of the shell and FR is the radial force on the
shell, see [40] for details. Thus the volume averaged overdensity within a virialized shell is
expected to be around 145 in Einstein-deSitter model. In the ΛCDM model, the expected
value is higher as perturbations take a longer time to collapse. Further, as we approach
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Figure 6. Underdense cases constant w comparison: Dark matter density contrast evolved to z ∼ 0.
"q" refers to quintessence models while "t" for tachyonic models. Curves are clustered by background
histories with quintessence and tachyonic models with same background having indistinguishable
matter perturbation dynamics.
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tach cpl +
Figure 7. Underdense cases CPL:Dark matter density contrast evolved to z ∼ 0 . cpl+ denotes
wa = +0.09 case and cpl- represents wa = −0.09. "quint" stands for quintessence and "tach" stands
for tachyonic. As with constant w cases, it is background evolution that is distinguishing the models
rather than field dynamics Lagrangian being quintessence or tachyonic type.
the critical density contrast for collapse from above, the density contrast at virialization
shoots up. Similar behaviour is observed for quintessence models [40, 41]. We see that the
qualitative behaviour for the two CPL cases is similar to that for ΛCDM and that seen for
some quintessence models. The ratio of virial radius to the turn around radius varies almost
in the same manner for the two CPL models with small differences for large initial density
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contrast. There are no systematic differences between tachyon and quintessence models for a
given CPL prescription for the equation of state parameter. Curves for the two CPL models
differ clearly from each other in the right panel but again, there are no differences between
tachyon and quintessence models for a given set of CPL parameters.
These results are remarkable in that it appears that we can ignore the precise choice of
dark energy model and use any convenient prescription as long as we get the same expansion
history. This can be done if our interest is restricted to perturbations in dark matter.
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Figure 8. Turn around characteristics for CPL case. Left panel shows turn around radius in the
combination Rta〈δdm〉i/Ri as a function of the initial density contrast. Right panel shows density
contrast at turn around as a function of the initial density contrast. quint denotes quintessence and
tach represents tachyonic field. cpl+ denotes wa = +0.09 and cpl- represents wa = −0.09.
5.2 Perturbations in Dark Energy
We now turn our attention to perturbations in dark energy. We study two physical quantities,
density contrast for dark energy δde and the equation of state parameter w. These are shown
as a function of radius for an initially underdense matter perturbation. We have plotted δde
as a function of r for constant w cosmologies in Figure 10(upper panel). Curves are plotted
at z = 0 and refer to the simulations used in Figure 6. We see that density contrast in dark
energy remains small at all scales. The amplitude of dark energy perturbations is higher
when the model deviates significantly from ΛCDM: we see that the amplitude is highest for
the model with w = −0.5 and decreases for models with a smaller w. We see that the curves
for each w are distinct. We also note that the tachyon models and quintessence models differ
from each other and this difference is larger for models with a larger w. We have shown in
earlier work that w becomes a function of space for dynamical dark energy models. Variations
from the expected value in the background for constant w models is shown in Figure 10 (lower
panel) as a function of r.
We see that for an underdensity in matter, w is smaller than the value in the background
model. Deviations are larger for models that deviate significantly from the ΛCDM models.
– 9 –
3.5 4.0 4.5 5.0 5.5 6.0 6.5
< δdm> i 1e−3
4.84
4.86
4.88
4.90
4.92
4.94
4.96
4.98
R v R t
a
1e−1
tach cpl -
quint cpl -
tach cpl +
quint cpl +
3.5 4.0 4.5 5.0 5.5 6.0 6.5
< δdm> i 1e−3
160
180
200
220
240
260
280
300
<
δ d
m
>
v(r
)
tach cpl -
quint cpl -
tach cpl +
quint cpl +
Figure 9. Virial characteristics for CPL case. Left panel shows ratio of virial radius to turn
around radius as a function of the initial density contrast in dark matter. Right panel shows Density
contrast at virialisation as a function of the initial density contrast in dark matter. "quint" denotes
quintessence and "tach" represents tachyonic field. cpl+ denotes wa = +0.09 and cpl- represents
wa = −0.09.
Differences between tachyon models and quintessence models can be seen and these are larger
for the models with a larger w.
Plots for CPL models are given in Figure 11. Both the models here are consistent with
most low redshift observations [47]. We keep w0 = −0.9 and wa = ±0.09, we refer to these
models as cpl+ or cpl− depending on the sign of wa. These figures refer to the simulations
used for Figure 7. Quantities are plotted at z = 0. We see that there are differences between
the tachyon and quintessence models for each CPL model but the differences remain small at
all scales.
Unlike dark matter, we find that dark energy perturbations do carry an imprint of the
model. Differences between tachyon and quintessence models for the same expansion history
become larger for models with large deviations from the ΛCDM model. Differences are small
for constant w models allowed by observations.
6 Summary
We have presented results of our study of evolution of perturbations in dark matter and
tachyon models of dark energy. We find that differences across models arising from different
potentials are small. As different potentials correspond to different expansion history, it is
difficult to dilineate the dependencies.
In order to study the dependence of evolution of perturbations on the class of models, we
construct potentials in quintessence and tachyon models corresponding to constant equation
of state w for dark energy and CPL parameterization. This allows us to address the question
of the dependence of evolution of perturbations on the class of models.
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Figure 10. Underdense case:(Upper panel) Dark energy density contrast evolved to z ∼ 0 . q
denotes quintessence and t represent tachyonic field. wbg for constant value of background equation
of state for dark energy field. This for initially underdense case(UD1). Lower panel: Equation of
state comparison for three constant equation of state cases.
We study spherically symmetric perturbations using a self-consistent relativistic code.
We study evolution of regions where dark matter is underdense/overdense.
We find that evolution of dark matter perturbations depends only on the expansion
history. There is no discernable imprint of the dark energy model on the evolution of dark
matter perturbations.
Dark energy perturbations remain small in all cases studied here. The amplitude of
dark energy perturbations depends on the expansion history as well as the dark energy model
(tachyon/quintessence). Thus in principle there is an observable signature of the class of dark
energy models, though the differences are very small. These differences are larger for models
that deviate significantly from the ΛCDM model in terms of the expansion history.
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Figure 11. Underdense CPL case:(Upper Panel) Dark energy density contrast evolved to z ∼ 0 . q
denotes quintessence and t represent tachyonic field. cpl+ denotes wa = +0.09 and cpl- represents
wa = −0.09. This for initially underdense case(UD1cpl). Lower Panel: Equation of state(w) evolved
to z ∼ 0. This is for initially underdense case(UD1cpl).
The useful conclusion that we can draw from this study is that we may choose any dark
energy model to reproduce the appropriate expansion history as the evolution of dark matter
perturbations is insensitive to the specifics of the dark energy model other than the expansion
history.
At the same time, the very small magnitude of differences of dark energy perturbations
indicate that it will be almost impossible for us to discover the true dark energy model from
measurements of distances or characteristics of dark matter perturbations.
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